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Abstract
We show that there exists an ane monomial curve with non-rational Poincare{Betti series.
The proofs depend on an earlier paper by Roos and Sturmfels which treated the projective case.
Some open problems are formulated. c© 2000 Elsevier Science B.V. All rights reserved.
MSC: 13D03
1. Introduction
In [1], Roos and Sturmfels gave an example of a projective monomial curve dened
by quadratic relations in P8, whose Poincare{Betti series was an irrational function. In
this paper, we will prove that by slightly modifying the example in [1], we will get
an ane example, i.e. a \numerical semi-group ring" whose Poincare{Betti series is
irrational. The only \raison-d’e^tre" of the present paper is that it answers a question
that was asked by several mathematicians when [1] was published.
The price we have to pay for this is that our new curves are dened by quadratic and
cubic relations. It is an open question whether one can nd similar examples coming
from monomial curves in Pn for n  7. Some other open questions are also mentioned
at the end of the paper.
2. The example
We start by some denitions. If (R;m) is a commutative noetherian local ring with
residue eld k = R=m, then the Tor Ri (k; k) are nite-dimensional vector spaces over k
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whose dimensions are denoted by jTor Ri (k; k)j. The corresponding generating series is
denoted by
PR(z) =
X
i0
jTor Ri (k; k)jzi
and it is called the Poincare{Betti series of R. We use the same notation in the similar
situation when R is an augmented k-algebra and m is the augmentation ideal in R. In
the case when R is homogeneous for a multigrading we also have that Tor Ri (k; k) has
an extra multigrading j and we have a corresponding generating function in (1+number
of components of j) variables:
PR(x; y) =
X
i; j0
jTor Ri; j(k; k)jxiyj
which we will call the multigraded Poincare{Betti series of R. Clearly PR(z)=PR(z; 1).
The aim of the present paper is to prove the following.
Theorem 1. Let k be a eld of characteristic 0; k[t] the polynomial ring in one
variable and let R be the subring of k[t] generated by the seven powers
t18; t24; t25; t26; t28; t30; t33:
If we denote the generators corresponding to the preceding generators by a; b; c; d; e;
f; g we can represent R as:
R =
k[a; b; c; d; e; f; g]
(b2 − af; c2 − bd; cd− ag; d2 − be; de − bf; e2 − df; ef − cg; a2b− f2; a2c − eg; a2f − g2; a3 − bf) ;
i.e. with seven quadratic and four \cubic" relations. Clearly; R can be graded by
giving the generators a; b; c; d; e; f; g the degrees 18; 24; 25; 26; 28; 30; 33; respectively.
If we forget the gradings; the augmented k-algebra R has Hilbert series R(z) = (1 +
6z + 10z2 + z3)=(1− z) and its Poincare{Betti series PR(z) is given by the formula
1=PR(z) = (1 + 1=z)=R!(z)− R(−z)=z; (1)
where
R!(z) =
1
(1− 3z + z2)(1− 2z)2
1Y
n=2
(1 + z2n−1)2
(1− z2n)2
(the notation R!(z) is explained below): In particular; the series PR(z) represents an
irrational function.
Remark 1. The example was obtained by dehomogenizing the example in [1] in one of
the two possible ways and by omitting one of the generators. The process is, however,
not reversible. If we homogenize our new numerical semi-group ring we get a new
projective monomial curve, this time in P7 (i.e. in a space of one lower projective
dimension), whose Poincare{Betti series seems to be rational.
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Remark 2. We have assumed characteristic 0 in Theorem 1. If the characteristic is
non-zero then the result is similar but slightly dierent, at least in characteristic 2.
Proof of Theorem 1. Clearly, the element a of R is a non-zero divisor. Furthermore,
we have
R= R=(a) =
k[b; c; d; e; f; g]
(b2; c2 − bd; cd; d2 − be; de; e2 − df; ef − cg; f2; eg; g2; bf) ;
which has quadratic relations and which therefore is graded if we give the variables
b; c; d; e; f; g the degrees 1. But it is easy to see that the ring R is isomorphic to the
ring T of [1, formula (9), p. 145] (the ring T occurred in the process of making
reductions in the proof of Theorem 1 of that paper). Indeed an explicit isomorphism
is obtained by the following exchange of varibales b $ g; c $ f; d $ e in any of
these two rings. By well-known formulae for the Hilbert and Poincare{Betti series [2,
Satz 1] when we divide by a non-zero divisor a in m n m2 we therefore have on the
one hand:
R(z) = R(z)(1− z) and P R(z) = PR(z)=(1 + z): (2)
But on the other hand, formula (10) of [1] is also valid for the T of [1, formula (10)]
(this is explained in the line of [1] which follows formula (10)). Therefore this formula
is also valid for the isomorphic ring R and we obtain (we also replace t by z and y
by 1 in formula (10), of [1]):
1=P R(z) = (1 + 1=z)= R
!
(z)− R(−z)=z; (3)
where
R
!
(z) =
1
(1 + z)(1− 3z + z2)(1− 2z)2
1Y
n=2
(1 + z2n−1)2
(1− z2n)2 (4)
and
R(z) = 1 + 6z + 10z2 + z3: (5)
Now divide both sides of (3) by 1 + z, using (2) and (5). This gives formula (1)
of our Theorem 1 with R!(z) = R
!
(z)(1 + z) and using (4) Theorem 1 is completely
proved.
Remark 3. The notations R!(z) and R
!
(z) are motivated by the fact that they are
the Hilbert series of the \Koszul duals" of gr(R) and R, respectively. If S is graded
the Koszul dual S ! can also be interpreted as the sub-algebra generated by Ext1S(k; k) of
the Yoneda Ext-algebra ExtS(k; k). We do not need this interpretation here and for
more details we refer to [1] and the literature cited there. In our case, a is a non-zero-
divisor both in R and gr(R). This gives that PR(z)=Pgr(R)(z) since R=(a) is isomorphic
to gr(R)=(a).
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3. Remarks and open problems
The fact that we get irrational PR(z) for numerical semi-group rings should not be
discouraging. In fact, when irrationalities occur, they are often of a very nice form as
they are indeed here. The second author has lot of examples for general local rings
that support this assertion.
Problem 1. Can we nd a numerical semi-group ring presented with fewer generators
which has an irrational Poincare{Betti series?
Problem 2. Which is the lowest n for which there exists a projective monomial curve
C in Pn whose Poincare{Betti series is irrational, when we accept relations of degree
2; 3; : : : in the presentation of the corresponding ring?
Problem 3. Determine the corresponding graded Poincare{Betti series of our curve
in Theorem 1. In order to do this one needs a bigraded version of the reasoning in
[1, pp. 145; 146]. So far this has not been done.
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1 There are two minor misprints in this paper:
(i) On p. 145, line 1 you should add the words \dividing by" after \2.1, by".
(ii) On p. 145, line 18 replace \t2 = 0 and m3 = tm2" by \b2 = 0 and m3 = bm2".
